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Queues

I Queuing theory is concerned with the (boring) issue of waiting

) Waiting is boring, queuing theory not necessarily so

I \Customers" arrive to receive \service" by \servers"

) Between arrival and start of service wait in queue

I Quantities of interest (for example)

) Number of customers in queue) L (for length)

) Time spent in queue) W for (wait)

I Queues are a pervasive application of CTMCs

�
�
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Examples of queues

I Simplest rendition ) Single queue, single server, in�nite spots

) Simpler if arrivals and services are Poisson) M/M/1 queue

) Limiting number of spots not di�cult ) Losses appear

�
�

I Multi-server queues) Single queue, many servers

) M/M/c queue ) c Poisson servers (i.e., exp. service times)

�

� 1

� 2
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M/M/1 queue

I Arrival and service processes are Poisson) Birth & death process
a) Customers arrive at an average rate of� per unit time
b) Customers are serviced at an average rate of� per unit time
c) Interarrival and inter-service time are exponential and independent





Queue length as a function of time

I Simulation for� = 30 customers/min, � = 40 services/min

I Probability distribution estimated by sample averaging withM = 105

P (Q(t ) = k) �
1
M

MX

i =1

I f Qi (t ) = kg

I Steady state (in a probabilistic sense) reached in around 103 mins.

I Queue length vs. time. Probabilities are color coded
) Mean queue length shown in white
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Close up on initial times

I Probabilities settle at their equilibrium values

Introduction to Random Processes Queuing Theory 11















Steady-state expected wait

I Customer arrives,L in queue already.Q: Time spent in queue?

) Time required to service theseL customers

) Plus time until arriving customer is served

I Let T1; T2; : : : ; TL+1 be these times. Queue wait) W =
L+1X

i =1

T i

I Expected value (condition onL = `, then expectation w.r.t.L )

E [W ] = E

"
L+1X

i =1

T i

#

= E

"

E

"
` +1X

i =1

T i
�
� L = `

##

I L = ` \not random" in inner expectation ) interchange with sum

E [W ] = E

"
L+1X

i =1

E [T i ]

#

= E [(L + 1) E [T i ]] = E [L + 1] E [T i ]
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