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Abstract The Erdös–Rényi model of a network is simple
and possesses many explicit expressions for average and as-
ymptotic properties, but it does not fit well to real-world
networks. The vertices of those networks are often struc-
tured in unknown classes (functionally related proteins or
social communities) with different connectivity properties.
The stochastic block structures model was proposed for this
purpose in the context of social sciences, using a Bayesian
approach. We consider the same model in a frequentest sta-
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model. We provide an estimation algorithm using a vari-
ational approach as well as a model selection criterion to
choose the number of classes. This framework allows us to
deal with thousands of vertices. Our method is illustrated on
a biological network.

Notation In this article, we consider an undirected graph
with n vertices and define the variable Xij which indicates
that vertices i and j are connected:

Xij = Xji = I{i ↔ j},
where I{A} equals to one if A is true, and to zero otherwise.
Furthermore, we assume that no vertex is connected to itself,
meaning that Xii =
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3 Erdös–Rényi mixture for graphs

3.1 General model

We now describe the stochastic block structures model
(Nowicki and Snijders 2001), a mixture model which ex-
plicitly describes the way edges connect vertices, account-
ing for some heterogeneity among vertices. In the following
this model is called “mixture model for graphs”.

The mixture model for graphs supposes that vertices are
spread into Q classes with prior probabilities {α1, . . . , αQ}.
In the following, we use the indicator variables {Ziq} (with∑

q Ziq = 1) defined in Sect. 2.

αq = Pr{Ziq = 1} = Pr{i ∈ q}, with
∑

q

αq = 1.

Then we denote πq� the probability for a vertex from class q

to be connected with a vertex from class �. Because the
graph is undirected, these probabilities must be symmetric
such that

πq� = π�q.

We finally suppose that edges {Xij } are conditionally inde-
pendent given the classes of vertices i and j :

{
Xij | {i
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Table 1 Some typical network configurations and their formulation in the framework of the mixture model for graphs. The node marks
(◦, �, �, �) refer to their class

Description Network Q π Clustering

coef.

Random 1 p p

Product
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usually defined as the mean of the Ci ’s:

ĉ =
∑

i

Ci/n.

Denoting ∇ the “triangle” configuration (i ↔ j ↔
k ↔ i) and V the ‘V’ configuration (j ↔ i ↔ k) for any
(i, j, k) uniformly chosen in {1, . . . , n}, the definition of C

can be rephrased as c = Pr{∇ | V}. Because ∇ is a particular
case of V, we have

c = Pr{∇ ∩ V}/ Pr{V} = Pr{∇}/ Pr{V}. (3)



178 Stat Comput (2008) 18: 173–183

The likelihood of the observed data L(X ) is obtained by
summing the complete-data likelihood over all the possible
values of the unobserved variables Z . Unfortunately, this
sum is not tractable and it seems that no simpler form can
be derived.

5 Estimation

In this section we propose a variational approach to perform
an approximate maximum likelihood inference on the para-
meters. We follow the general strategy described in Jordan
et al. (1999) or in the tutorial by Jaakkola (2000). A similar
strategy is used in the bi-clustering framework by Govaert
and Nadif (2005). The general statistical properties of the
resulting estimators have not been investigated yet. How-
ever, this approximation allows us to deal with large net-
works (several thousands of nodes) whereas the Bayesian
strategy adopted by Nowicki and Snijders (2001) restricts
the estimation to 200 nodes.

5.1 Dependency graph

The Xij s are independent conditionally to the Ziqs, but are
marginally dependent. For estimation purpose, it is impor-
tant to know if Pr{Ziq = 1 | X } is equal to Pr{Ziq = 1 | Xi},
where Xi is the set of all possible edges connecting i. Xi is
often called the set of neighbors of vertex i. In the following,
we give a counter example to show that the notion of neigh-
borhood can not be used in the mixture model for graphs
framework.

Assume that the vertices are divided in two classes,
whose connectivity matrix is diagonal with π11 = 1 and
π22 = a and 0 < a < 1. Let us consider 3 vertices i, j, k with
Xij = Xik = 1. The vertices i and j are in the same class
because no connection is possible between vertices pertain-
ing to two different classes. The same is true for vertices i

and k. Therefore the three vertices are in the same class and
we have Pr{Zi1 = 1 | Xi ,Xjk} > 0 if Xjk = 1 and Pr{Zi1 =
1 | Xi ,Xjk} = 0 if Xjk = 0. Therefore Pr{Ziq = 1 | X } de-
pends on all the network and not only on edges connecting
to the vertex i.

This counter example clearly shows that no neighbor-
hood can be considered in the framework of mixture model
for graphs, since unconnected vertices provide as much in-
formation as connected vertices. This is why the likelihood
can not be simplified for computation.

5.2 Variational approach

As often for incomplete data models, the likelihood of the
observed data L(X ) is not tractable. EM (Dempster et al.
1977) is the most popular algorithm for this kind of prob-

lem. Unfortunately, EM requires the computation of the con-
ditional distribution Pr(Z | X ) which is itself not tractable,
as explained above. Therefore, we choose a variational ap-
proach that aims at optimizing a lower bound of log L(X ),
denoted by

J (RX ) = log L(X ) − KL[RX (·), Pr(· | X )],
where KL denotes the Kullback–Leibler divergence,
Pr(Z | X ) is the true conditional distribution of the indica-
tor variables Z given the data X , and RX an approximation
of this conditional distribution. J (RX ) equals log L(X ) iff
RX (·) = Pr(· | X ). We emphasize that RX depends on the
data X .
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We now have to maximize J (RX ) with respect to the τiq ’s,
subject to

∑
q τiq = 1, for all i, i.e. to maximize J (RX ) +∑

i[λi(
∑

q τiq − 1)] where λi is the Lagrange multiplier.
The derivative with respect to τiq is

log αq +
∑

j �=i

∑

�

τj� log b(Xij ; πq�) − log τiq + 1 + λi.

This derivative is null iff τ̂iq ’s satisfy the relation given in the
proposition, exp(1 + λi) being the normalizing constant. �

From a practical point of view, the {̂τ i} are updated us-
ing a fixed point algorithm. At this time, we have no guar-
anty about the convergence toward a unique solution. In all
situations we experienced, the algorithm converged rapidly.

Parameter estimates To complete the estimation proce-
dure, we need to maximize J (RX ) with respect to para-
meters α and π .

Proposition 6 Given the variational parameters {τ i}, the
values of parameters α and π that maximize J (RX ) are

α̂q = 1

n

∑

i

τ̂iq , π̂q� =
∑

i �=j
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