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CSF tracers are transported deeply into the brain via 
perivascular spaces [9–11].

�e in�vivo experimental methods of Mestre et�al. [8] 
now enable measurements of the size and shape of the 
perivascular spaces, the motions of the arterial wall, and 
the �ow velocity �eld in great detail. With these in�vivo 
measurements, direct simulations can in principle pre-
dict the observed �uid �ow by solving the Navier–Stokes 
(momentum) equation. �ese studies provide important 
steps in understanding the �uid dynamics of the entire 
glymphatic system [3, 12], not(], )aire 
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Fig. 1 Cross-sections of PASs from in vivo dye experiments. a We consider PASs in two regions: those adjacent to pial arteries and those adjacent 
to penetrating arteries. b
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the various shapes that are actually observed, or at least 
assumed. Here we propose the model shown in Fig.�2. 
�is model consists of an annular channel whose cross-
section is bounded by an inner circle, representing the 
outer wall of the artery, and an outer ellipse, represent-
ing the outer wall of the PAS. �e radius � �  of the circu-
lar artery and the semi-major axis � �  (x-direction) and 
semi-minor axis � �  (y-direction) of the ellipse can be 
varied to produce di�erent cross-sectional shapes of the 
PAS. With � � � � � � � �  , we have a circular annulus. Gen-
erally, for a pial artery, we have � � � � � � � �  : the PAS is 
annular but elongated in the direction along the skull. For 
� � � � � � � �  , the ellipse is tangent to the circle at the top 
and bottom, and for � � � � � � � �
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where �  is the dynamic viscosity of the CSF. (Note that 
the pressure gradient dp/dz is constant and negative, so 
the constant C we have de�ned here is positive.) If we 
introduce the nondimensional variables

then Eq.� (1) becomes the nondimensional Poisson’s 
equation
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domain corresponding to the part of the ellipse that does 
not overlap with the circle. We next specify the Dirichlet 
boundary condition 
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�exible enough to be able to bend to one side of the 
circular ori�ce.) �e increase of �ow rate (decrease 
of resistance) is well illustrated in Fig.�3c–e, which 
show numerically computed velocity pro�les (as color 
maps) at three di�erent eccentricities. We refer to 



Page 8 of 13Tithof�et�al. Fluids Barriers CNS           (2019) 16:19 

the outer ellipse too much makes the gaps narrow again, 
reducing the volume �ow rate (increasing the hydraulic 
resistance). �is results suggests that, for a given value of 
K (given cross-sectional area), there is an optimal value 
of the elongation �  that maximizes the volume �ow rate 
(minimizes the hydraulic resistance).

To test this hypothesis, we computed the volume �ow 
rate and hydraulic resistance as a function of the shape 
parameter �� � ����  for several values of the area ratio 
K. �e results are plotted in Fig.�5a. Note that the plot is 
only shown for �� � ���� � �  , since the curves are sym-
metric about �� � ���� � �  . �e left end of each curve 
( �� � ���� � �  ) corresponds to a circular annulus, and 
the black circles indicate the value of �  given by the ana-
lytical solution in Eq.� (11). �ese values agree with the 
corresponding numerical solution to within 1%. �e 
resistance varies smoothly as the outer elliptical bos(t)6(e t)6,6.39999.8 0 0 9.8 534.986083984 647.8(r)6.182 Tm
(-)Tj
-.01 Tc
.211 Tw63.8 0 0 9.8 304.77(si33(yout)6.1)6.1(o)-7(ss)-13(-i)-5(st)-6(mo)6(e an )]TJ
.079 Tw
T*
[.899999618ulo te4ossst thie hydl are(-i)-nelliptical bos(t)6(e t)6,6.39963.8 0 0 9.8 304.986083984 647.825317382 Tm
(-)Tj
-.01 Tc
.211 Tw59.8 0 0 9.8 465.6�(si)-m9999618:.224 Td
999618(t ).5 of h ,(increasraulic 



Page 9 of 13Tithof�et�al. Fluids Barriers CNS           (2019) 16:19 

and the ellipse is highly elongated, while for large values of 
K
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are shown in Fig.�7b–d. Clearly the hydraulic resistances 
of the shapes observed in�vivo are very close to the opti-
mal values, but systematically shifted to slightly more 
elongated shapes. Even when �� � ����  di�ers substan-
tially between the observed shapes and the optimal ones, 
the hydraulic resistance �  , which sets the pumping e�-
ciency and is therefore the biologically important param-
eter, matches the optimal value quite closely.

Discussion
In order to understand the glymphatic system, and vari-
ous e�ects on its operation, it will be very helpful to 
develop a predictive hydraulic model of CSF �ow in the 
PASs. Such a model must take into account two impor-
tant recent �ndings: (i) the PASs, as measured in� vivo, 
are generally much larger than the size determined from 
post-�xation data [7, 8, 36] and hence o�er much lower 
hydraulic resistance; and (ii) (as we demonstrate in this 

paper) the concentric circular annulus model is not a 
good geometric representation of an actual PAS, as it 
overestimates the hydraulic resistance. With these two 
factors accounted for, we can expect a hydraulic-network 
model to produce results in accordance with the actual 
bulk �ow now observed directly in particle tracking 
experiments [7, 8].

�e relatively simple, adjustable model of a PAS that 
we present here can be used as a basis for calculating 
the hydraulic resistance for a wide range of observed 
PAS shapes, throughout the brain and spinal cord. Our 
calculations demonstrate that accounting for PAS shape 
can reduce the hydraulic resistance by a factor as large 
as 6.45 (see Table�
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including: (i) arterial pulsations drive CSF �ow [8], and 
(ii) astrocyte endfeet, which form the outer boundary of 
the PAS, regulate molecular transport from both arteries 
and CSF [40, 41].

�e con�guration of PASs surrounding penetrating 
arteries in the cortex and striatum is largely unknown 
[42
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scales as (b/ℓ)�  , where b is the amplitude of the wall 
wave and � is the width of the gap between the inner and 
outer boundaries. Although this scaling was derived for 
an in�nite domain, we expect it will also hold for one of 
�nite length. For the case of a concentric circular annu-
lus, the gap width � and hence the pumping e�ectiveness 
are axisymmetric, and therefore the resulting �ow is also 
axisymmetric. For an elliptical outer boundary, however, 
the gap width � varies in the azimuthal direction and so 
will the pumping e�ectiveness. Hence, there will be pres-
sure variations in the azimuthal direction that will drive 
a secondary, oscillatory �ow in the azimuthal direction, 
and as a result the �ow will be non-axisymmetric and 
the streamlines will wiggle in the azimuthal direction. 
Increasing the aspect ratio � � �� �  of the ellipse for a �xed 
area ratio will decrease the �ow resistance but will also 
decrease the overall pumping e�ciency, not only because 
more of the �uid is placed farther from the artery wall, 
but also, in cases where the PAS is split into two lobes, 
not all of the artery wall is involved in the pumping. 
�erefore, we expect that there will be an optimal aspect 
ratio of the outer ellipse that will produce the maximum 
mean �ow rate due to perivascular pumping, and that 
this optimal ratio will be somewhat di�erent from that 
which just produces the lowest hydraulic resistance. We 
speculate that evolutionary adaptation has produced 
shapes of actual periarterial spaces around proximal 
sections of main arteries that are nearly optimal in this 
sense.

Conclusions
Periarterial spaces, which are part of the glymphatic sys-
tem [6], provide a route for rapid in�ux of cerebrospi-
nal �uid into the brain and a pathway for the removal of 
metabolic wastes from the brain. In this study, we have 
introduced an elliptical annulus model that captures the 
shape of PASs more accurately than the circular annu-
lus model that has been used in all prior modeling stud-
ies. We have demonstrated that for both the circular and 
elliptical annulus models, non-zero eccentricity (i.e., 
shifting the inner circular boundary o� center) decreases 
the hydraulic resistance (increases the volume �ow rate) 
for PASs. By adjusting the shape of the elliptical annulus 
with �xed PAS area and computing the hydraulic resist-
ance, we found that there is an optimal PAS elongation 
for which the hydraulic resistance is minimized (the vol-
ume �ow rate is maximized). We �nd that these opti-
mal shapes closely resemble actual pial PASs observed 
in�vivo, suggesting such shapes may be a result of evolu-
tionary optimization.

�e elliptical annulus model introduced here o�ers 
an improvement for future hydraulic network mod-
els of the glymphatic system, which may help reconcile 

the discrepancy between the small PAS �ow speeds 
predicted by many models and the relatively large �ow 
speeds recently measured in� vivo [7, 8]. Our proposed 
modeling improvements can be used to obtain simple 
scaling laws, such as the power laws obtained for the tan-
gent eccentric circular annulus in Fig.�3b or the optimal 
elliptical annulus in Fig.�5b.
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